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analysis are based on applications by depending on the
numerical-analytic method for studying the periodic
solufions of ordinary differenfial equations which were
infroduced by Samoilenko. The study of such nonlinear
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singular kernel; linear integral equations with singular kernel that we have
Banach fixed theorem: infroduced in the study become more general and

detailed than those infroduced by Bufris.

1.0 INTRODUCTION

Integral equation has been arisen in many mathematical and engineering field, so that
solving this kind of problems are more efficient and useful in many research branches.
Analytical solution of this kind of equation is not accessible in general form of equation and we
can only get an exact solution only in special cases. But in industrial problems we have not
spatial cases so that we try to solve this kind of equations numerically in general format. Many
numerical schemes are employed to give an approximate solution with sufficient accuracy
[3.4,6,7,8,9,10].

Integral equations of various types and kinds play an important role in many branches of
mathematics. Over the past thirty years substantial progress has been made in developing
innovative approximate analytical and purely [5,11,13].

An infegral equation is a functional equation in which the unknown function appears
under one or several integral signs; if, in addition, the equation contains a derivative of this
function we call the equation an integral equations. In an integral equations of Volterra type
the integrals containing the unknown function are characterized by a variable upper limit of
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integration. In this study we want to discuss on convergence of projection method with integral
equation then present a numerical solution to this type of equation [11,12,13,15,16,17].
Samoilenko [12,13], assumes the numerical analytic method to study the periodic solutions
for ordinary differential equations and their algorithm structure. This method includes uniformly
sequences of periodic functions and the result is the use of the periodic solutions on a wide
range which is different from the processes inindustry and technology.
Consider the following Volterra integral equation with singular kernel which has the form:

u(t,uy) = f(© + th[ f(s,u(s, up), fab(S)H(s,‘r dh(t,n,u(m, uy))dn)]ds. . (V)

Suppose that the functions f(t,u,v,) = (f,(t u,v ), £, u,v), -, f,(tu,v)),
h(t,s,u) = (h,(,s,u),h,(,s,u),-,h, (ts,u))f) = (f,®,f 1), f,{t)are defined and continuous
in the domain:
(t,u,v) ER*xDx D; = (~o00,00) x D xD;, - (D
which are continuous functions in tu,v and periodic int of period T. Also a(t) and b(t) are
continuous and periodic in t of period T,where D, D, is closed and bounded domains subsets
of Euclidean space R".

Suppose that the functions f(t,u,v ), and h(t, s,u) safisfies the following inequalities:
||f(t, u,v, w)|| <M,

e
Ih(t,s,u)ll <N

”f(t, ul'Vl ) - f(t, ul’ V1 )” S L1I|u1 - u2” + L2||V1 - V2” 5 (3)

IIht, s, u;) — h(t, s, u)ll < Lallu; — u,ll . - (4)

vt e R u,u;,u, €D,v,v;,v, € D;whereM, N ,L;,L, and L;are positive constants. Furthermore
whose kernel function H(t,s) : R’xR? — RTissingular which is defined ,continuous and periodic

int, s and safisfy the following condifions
b(t)

[ e slas < q <o, - (5)
a(t)
where—o <t<s<t<t+T < ®Q is positive constant and II. | = max,ef; c1ieiom |- -

We define a non-empty sets

T
Df=D—EMQ , ...(6)

T
Dy =Dy _EML3 Q .
Moreover, we suppose that the greatest value of the following equation
q= E [L, +L, + L, Q ],does not exceed unity, i. e.
q<1. e (7)
By using Lemma 3.1[13 ],we can state and proof the following:
Lemma 1. Let f(t,u,v) be a vector function which is defined in the interval t € [t,t + T] then:
IL(t, u)ll < pOM - (8)
where (t) = 2(t—1)(1 — t;—T) and

t b(s)
L(t, u,) =f[ f(s,u(s, up), f H(s, t)h(t,m,u(m, uy))dn) —
T a(s)
1 ™+T b(s)
—;f f(s, u(s,up), f H(s, T )h(t, 1, u(m, uy))dn)ds]ds
T a(s)
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Proof. Assuming
t b(s)
t—t
ILtu)ll < (1 —T)f”f(s,uo(s,uo), f H(s, TOh(t,n,ul, uy))dn
T a(s)
™+T b(s)
t—t
+ f (s, up (s, uy), f H(s, t Dh(t,n, uln, u,) )dn
T a(S)

ds

ds

T+T

t
< t_TfMd t_Tf Md
_((—T) s+T S,
T T

< plOM
for allt € [t,t+ T] and u, € Dy.

2.0 APPROMIXMATION PERIODIC SOLUTIONS OF (VI)

The study of the approximation of periodic solution for Volterra integral equation (VI) will be
infroduced by the following theorem.
Theorem 1. Let f(t,u,v ), h(t,s,u) and f(t) be vector functions which are defined, continuous and
periodic of period T on the domain (1), satisfy the inequalities and condifion (2) to (7), then
there exist the sequence of functions:

t b(s)

U 41 (6 1) = (O +f[f(s, U, (s,up), ] H(s, T )h(t,n, u,, (1, up))dn)

T a(s)
™+T b (S)

—% f f(s, uy, (s, ug), f H(s, t)h(t,n, u,, (1, up))dn)ds]ds -+ (9)
T a(s)

with
utu)=ft) ,m=012-
periodic in t of period T, and convergent uniformly as m - o in the domain:

(t,uy) € [t,t+ Tl x D¢ .. (10)
to the limit function u°(t,u,) defined in the domain (10) which is periodic in t of period T and
safisfying the system of integral equations:

t b(s)
ult, u,) = f© +f[f(s,u(s, ), f H(s, )h(T,n, uy, (0, u))dn)
T a(s)
T+T b(s)
1
—;f f(s,u(s,uy), f H(s,r)h(‘t,n, u, (M, uy))dn)ds]ds - (GED)
t a(s)
with
lu®t, ug) — up(tu)ll < BOM - (12)
lu®t, up) — upy (Eu)ll < 0 ™1 — W) 1BOM - (13)

foralm=>0andte[t,t+Tl

Proof. Consider the sequence of functions u, (t, uy), u,(t,uy), -, uy tuy), -+, defined by the
recurrences relatfion (9), each of these functions are defined and continuous in the domain (1)
and periodic in t of period T.

Now, by using (10) and Lemma 1, when m=0, we get
lu, (t, x0) — up &, u )l =
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b(s)

t
< (1 —t_TT)fo(s, uo(s,uy), f H(s, T)h(t,m, uln, uy) )dnllds

a(s)
™+T b(s)
t—t
s s ug G, [ HG OB U, up))anl s
t a(s)

<p®M

and hence
T
[luy (%) — up &, up)l SEM' - (14)
From (21), we have
b(t) b(t)
v, ug) — vt udll = I f H(t, s)h(t s, u (s, uy)) ds — f H(t,s)h(t,s,uy)ds |l
a(t) a(t)

b(t)
< [ MGy (s0) g lds

a(t)
<L TM
< L; 7 MQ
and hence

T
llv, (t ug) — vt udll < L3EMQ - (15)
forallt € [t,t+ Tl, uy € D and v, (t,uy) = falzg)h(t, s,uy) ds € Dypi.e. v,(tu,) € D;,when u, € Dy.
Thus by mathematical induction, we have
T
llupm (tug) —upll < M B® < M -+ (16)
i.e.u,(tu,) € Dforallte [t,t+ Tl u, € Dy
Now from (16), gives
T

lv, & ug) — vt u)ll < L3EMQ --(17)

i.e.v,(tuy)D,, forallte [t,t + Tl,u, € D;.
b(t)
where v, (t,u,) = fa(tg H(, s)h(t, s, uy, (s, uy)) ds forall m = 0,1,2, ....

We claim that the sequence of functions uy,(t u,) is uniformly convergent on the domain
(10).
Form = 1in (9) and using Lemma 1, we find that
lu, (t, ug) — uy (& up) |l
t

<a —t;—r) f (L, G, ug) — ug Il 4L, Clluy (s, ug) = ug I + Ly (Qlluy Gs, ug) — ugDds +

+T

f (Ll G5, ug) — gl + Ly Clluy G, g) — g D+Ly QI s, ug) — ug D ds
t

t—t

+

™+T

t
<L +L, 4L Q IMz[1 t_de t_de
= 1+ L +L3Q 2[(_T) S+T s].
T t

< B(t)M;[L1 +L, + L;Ql.
and hence
llu, (€, up) — uy (L uy) Il < wp®OM.
Suppose that the following inequality
T, 1 (& ug) — ue(tu)ll < w0 O M - (18)
is holds for some m = k, then we shall fo prove that:
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luye s, 6 ug) — wey; (B u Il < WXF1BOM. .(19)
From (18) and using lemmal, when m = k + 1 and the inequality (19) we get:

t
t
26 0) = iy ) < (1) f Ll oG5, uy) — ug(s,u)l
T

+L ,L; Qllug 1 (s, ug) —uge (s,u0) 1D ]ds
T+T
t
+¥f (L, luyey 1 (s, ug) — ug (s, ull +
t
+L,L; (Qlluy, 4 (s, up) — up (s, up)1D]ds

T
<7 (L, + L,4+L;Q lo*B®M

< w*1B(OM
So that
Iy, (6 ug) — Uy, (6 udll < XM
By mathematical induction and by (18) and (19) the following inequality is holds:
a1 (6 ug) — uy (6 ull < w™BOM -+ (20)
where o = E [L,+L, +L;Q ], forallm=0,1,2,-

From (20) we conclude that fork = 0,
we have the following inequality:
16 ug) — ug (& uI < Ny 46 ug) — U e G u)

Hllug k-1 G ug) = X km2 G Ul + - + lluy, 44 6 ug) — uy, & u)

< @™k lu, (G ug) — upll + 0™ H2{lu, (6 ug) — upll + -+ + w™lluy t,uy) — uyll
<01+ 0w+ w4 + 052+ o) lu, uy) — u,ll
Therefore

g, (6 ug) — upy G udll < 0™ — w) " pOM. - (21)
forallte [t,t+ Tl,u, € Dy
By using the condition (7) and the inequality (21), we find that
lim o™ = 0 -+ (22)

m—oo
The relafion (22) and (23) prove the uniform convergence of the sequence of functions (9)

inthe domain (10) as m - co.
Let
rLi_rgo Up (tug) =u’(t,up) -+ (23)

Since the sequence of functions u,,(t,u,)is periodic in t of period T, Then the limiting
function u°(t,%,) is also periodic int of period T.

Moreover, by the hypotheses and conditions of the theorem, the inequalities (12) and
(13) are safisfied forall m > 0.
Theorem 2.With the hypotheses and all conditions of the theorem 1, the periodic solution of
Volterra integral equation (VI) is a unique on the domain (1).

Proof. Lef u*(t,u,) be another periodic solution of Volterra integral equation (VI), i. e.

t b(s)
(b ug) = £0) + ] [ (s, u* (s, ), f Hs, ©h (o, uly ug))dn)
T a(s)
+T b(s)
1
—;J f(s, u* (s, up), J) H(s, T )h(t,m, uln, uy) )dn)ds ]ds

and then we have
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[lult, uy) — u* (&, ull

t
< —%)f [L, lluGs,uy) — u* (s, up)l

™+T

+% f [Lllus, ug) — u* (s, ug)ll + LyLy @lluGs, ug) — u* (s, ug) Dds

t

T
<3 [L; + L,+L;Q Hlu(t, uy) — u*(tug)ll,

so that

llut, uy) — u*(t, ull < wllult, uy) — u* (& u)ll.

By iteration we find that

luCt,uy) — u*(t, ull < w™llult, uy) — u*(t, up)ll

But from the condition (15), we get A™ - 0 when m - o, hence we obtain that
u(t, uy) = u*(t uy). In other words u(t, u,) is a unique periodic solution of (1). m

3.0 EXISTENCE PERIODIC SOLUTION OF (VI)
The problem of existence of periodic solution of period T of (VI) is uniquely connected with
existence of zero of the function A(0,u,) = A which has the form:

™+T b(t)
1
Alt,u,) = ?j f(t, u® (t, uy), j H(t, s)h(t,s,u’(s,u,))dr) dt - (24)
T a(t)
where u° (t, up) is the limiting function of the sequence of functions u,, (t, u,).
T b(t)
1 +T
A, () =¥J f(t,uy (tuy), f H(t, s)h(t, s, uy, (s,uy))dr) dt - (25)
T a(t)

forallm =0,1,2, -

Theorem 3. Let all assumptions and conditions of theorem 1 and 2 are satisfied, then the
following inequality is satisfied:
1A0,uy) — A, 0, u Il < ™11 — W)™ IM - (26)
forallm = 0,u, € Ds.
Proof. By the the functions (24) and (25) we get
1AC0, uy) — A, (0,u)ll

1 ™+T b(t)
< ¥j I, u(t, uy), J H(t, s)h(t,s,u’ (s, uy))ds) dt
T a(t)
b(t)
— f(t, u, (t,up),, H(t, s)h(t, s, uy, (s,uy))ds) Il ds.
a(t)

From the inequalities (3) to (8), we get:
T+T

1
1A0,uy) — A, 0, udll < [L; + L, + LyQ] ¥f [lu®Ct, ug) — upy, (tuy)ll dt
T

< o™l - w) M.

Butw = [L; + L,Q; + L;Q,], thus the above inequality can be written as:

1AC0, ug) — 4,00, u)ll < W™+ (1 — w)~IM, i. e. the inequality (37) satisfied for allm > 0.

Theorem 4.Let (VI) be defined on the interval [a, b]. Suppose that form = 0, the function
AL (0,u,) defined according to formula (25) safisfies the inequalities:
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min A, (0,uy) <— py,»
a+P<uy,<b-P
max A,,(0,uy) = py,
a+P<uy,<b-P
Then the system (1) has periodic solution u = u(t,u,) for which u, € [a + P,b — P], where P =

Mgond Pm = 0™ (1 — )M

- (27)

Proof: Let u,;,u, be any two points in the interval [a+ P,b — P] such that:
A, (0,u;) =min A,(0,u,) ,
a+P<uy,<b-P

A,(0,u,) = max A, (0,u,), - (28)
a+P<uy,<b-"P
Taking in to account inequalities (27) and (28), we have
A0, u;) = A, (0,u) + [A00,u;) — AL (O,u)] <0,
-+ (29)
A0, uy) = A, (0,u,) + [AC0,u,) — A, (0,u)] >0

It follows from the inequalities (29) and the continuity of the function A(0,u,), that there
exists an isolated singular pointu® ,u® € [u;,u,], such thatA(o,u’) =0. This means that the
Volterra integral equation (VI) has a periodic solution u = u(t, u,) for which u, € [a+ P,b — P].
Remark 1. Theorem 4 is proved when u, is a scalar singular point which should be isolated (For
this remark, see [12]).

4.0 STABILITY PERIODIC SOLUTION OF (VI)

In this section, we study the stability of a periodic solution for the integral equation (VI).
Theorem 5.If the function A(0,u,) is defined byA: D—> R" , and by the equation (24),
where u°(t,u,) is a limit of the sequence function {u, (t, uy)}-,. Then the following inequalities
hold:

1A, u)ll < M -+ (30)
and

2
1AC0,ud) — A0, ud)ll < Ewu — )7 It - 2l - (31)

for all u®, u}, u3 € Dy and Eis identity matrix.
Proof. From the properties of the function u’(tu,) as in theorem 1, the function A(t,u,) is
confinuous and bounded by M in the domain R x Dy.
By using the function (24), we have
1A0,ud) — A0, ud)ll =

1 ™+T b(t) b(t)
< T f (e, u®(t, ud), f H(t, s)h(t,s,u’(s,ui))ds) — f(t,u’(t, u2), f H(t, s)h(t,s,u’ (s,u3))ds) Il dt
T a(t) a(t)
So that
T+T

2
1A00, up) — A, udll < [L, +L, + L3Q]?f lu®(t, ug) — u®(t, ud) Il dt
T

and hence
2
1AC0,u3) — A0, ud)ll < T ollu® ¢, ud) —u ¢ ud)ll - (32)

where u®(t,ud) ,u’(t, ul) are the solution of the integral equation
t b(s)

u(t,uf) = @ + f [f(s, u(s, u¥), j H(s, T h(T,n, u(n, uf) )dn)

T a(s)
T+T b(s)

—%J f(s,u(s, uk), j H(s, T)h(t,n, u(n, uk))dn)ds]ds - (33)
T a(s)
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with

uk(t,u,) = f*@®) =uk , where k=1, 2.
From (33), we get:

lu®(t, ug)—u(t, ud)ll

t
<l © - PO+ (1 - “Tr)f (L, 10 Gs, ud) — u0Cs, u2)Il

+ (L, + Ly Qllu®Gs,ud) — u®Gs,ud)lhlds

T+T

f [L,1u0Gs,ud) — u®(s,ud)ll +
t

t—t

+

+(Ly + Ly Q) lu®Gs, up) — u® (s, ud) IHlds

< Ifr @ — 2@ I + wllu® ud) — u® ud)ll.
So that:

lu® (£, ud) —u®(t, udll < (1 — ) HIFL® — 2@l - (34)
Forallt € [0,T], u}, u} € Ds.
So, substituting inequality (34) in the inequality (33) we get the inequality (31).
Remark 2. Theorem 5, confirms the stability of the solution for the system (1), that is when a slight
change happens in the pointu,, then a slight change will happen in the function A(0,u,). For
this remark see [8].

5.0 BANACH FIXEDPOINT THEOREM
In this section we study the existence and uniqueness periodic solution of integral equation

(V1) by the following:
Lemma 2.[1]. Let Sbe aspace of allcontinuous function on R, forany z € s define llzll by llzll =

max Iz 1. Then (s, Izl is a Banach space.
te T,T+T]

Theorem 6.[1]. Let E be a Banach space. If T*is a confraction mapping on E Then T* has one
and only one fixed pointin E.
Theorem 7. Let f(t,u,v,), h(t,s,u) and f(t) be vectors functions which are defined and continuous
and periodic in t of period T on the domain (1) and satisfying all inequalities and conditions of
the theorem 1 and 2.

Then the integral equation (VI) has a unique periodic continuous solution z(t,u,) on the
domain (2), provided that q = E [L, + +L, + L,Q .

Proof. Let (C(®), II.ID) is a Banach space, where G = {(t,u,v);te RL,u€eD,ve D, },
Define a mapping T* on G by

t b(s)
T*z(t,uy) = f(©) + f[f(s,z(s, up), f H(t, s)h(s, T, z(T, uy) )dr)
T a(s)
1 +T b (s)
—;f f(s, z(s, up), (f) H(t, s)h(s,t, z(t, uy))dt)ds]ds
t a(s

Since f(t) , f(t, z, v)and H(t,s) are continuous on the domain (2), then

b(t) . . .
f(s H(t, s)h(t, s,z(s, u,))ds are also continuous on the domain (2). domain,

a

So that
t b(s)
f[ f(s, z(s, uy), f H(s, t)h(tn, z(s, uy))dn)
T a(s)
+T b(S)

= f f(s, 205, uy), (f) Hs, 0)h(t,m,2G, ug) ) ds]ds.

1JISCS | 150



is also continuous on same domain .
Thus T*z(t, u,) is continuous on the domain(1).
Hence
T*z(t,uy): G > G
Next we claim that T*z(t,u,) is a contraction mapping on G, let z(t, u,), w(t,u) € G, Then
IT*z(t, uy) — T*wlt, u)ll < w te?';l,%)-éT]{|Z(t’ u,) — w(t uy)l}

So that
IT2(t, ug) — T*w(t, x, Il < wllz(t, uy) — w(t, xp)ll.
Since0 < w< 1, we find T* is a contraction mapping ont € [t,t + Tlthen by theorem 6, T*
has a unique fixed pointz(tx,) € t € [t,T + Tli. e.
T*z(t, XO) = z(t, X ) and
t b(s)
z(t,uy) = f(©) + j[f(s,z(s, up), f H(s, T)h(t,n,2z(s,uy) )dn)

T H(S)
T™+T b(S)

1
_Ef f(s, z(s, uy), f H(s, T)h(t, n, z(s, uy) )dn)ds]
t a(s)
Hence z(t,u,) is the unique continuous solution for the integral equation (VI) on the domain

(1).

6.0 CONCLUSION

This paper provided some results in the existence, uniqueness and stability periodic
solution of new Volterra integral equation with singular kernel. Theorems on existence and
unigueness and stability periodic solution are established under some necessary and sufficient
conditions on closed and bounded domains (compact spaces). The numerical-analytic
method has been used to study the periodic solutions of ordinary differential equations which
were infroduced by (Samoilenko, A. M.)
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