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Abstract 

The study deals with the existence, uniqueness, and stability 

of periodic solution of a second order of differential 

equations with higher derivatives. We provide a wide range 

of qualifications including the numerical-analytic method 

has been used by the Samoilenko method to investigate 

the existence and approximation of periodic solutions of 

nonlinear systems of the differential equations. We give an 

appropriate solutions of the problem, and extend the results 

of Shlapak to more general cases by assuming the weaker 

conditions for the functions   

𝑓 (𝑡, 𝑥,
𝑑𝑥

𝑑𝑡
) and g (𝑡, 𝑥,

𝑑𝑥

𝑑𝑡
,
𝑑2𝑥

𝑑𝑡2
). 

 

1.0 INTRODUCTION 

    Differential equations are essential for a mathematical description of nature, many of the 

general laws of nature-in physics, chemistry, biology, economics and engineering –find their 

most natural expression in the language of differential equation. Differential Equation (DE) 

allows us to study all kinds of evolutionary processes with the properties of determinacy; finite-

dimensionality and differentiability. The study of DE began very soon after the invention of 

differential and integral calculus. In 1671, Newton had laid the foundation stone for the study 

of differential equations. He was followed by Leibnitz who coined the name differential 

equation in 1676 to denote relationship between differentials 𝑑𝑥 and 𝑑𝑦 of two variables 𝑥 and 

𝑦. The fundamental law of motion in mechanics, known as Newton’s second law is a differential 

equation to describe the state of a system. Motion of a particle of mass m moving along a 

straight line under the influence of a specified external force 

𝑓(𝑡, 𝑥, 𝑥′) is described by the following DE 

𝑚𝑥′ = 𝑓(𝑡, 𝑥, 𝑥′),                 (𝑥′ =
𝑑𝑥

𝑑𝑡
, 𝑥′′ =

𝑑2𝑥

𝑑𝑡2
)                                                         

At early stage, mathematicians were mostly engaged in formulating differential equations and 

solving them but they did not worry about the existence and uniqueness of solutions. [1,6,7, 

13,14]. One of the most important theorems in ordinary differential equations is Picard’s 

existence, uniqueness and stability theorem for first and second order of differential equations. 

A reason for this, can generalized to establish existence and uniqueness result for higher-order 

of differential equations and for a system of differential equations. Another is that, it is a good 

introduction to the broad class of existence, uniqueness and stability theorems that are based 
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on fixed points.  [3,5,9,10,15,16]. In recent years, Samoilenko assume that the numerical analytic 

method to study the periodic solution for ordinary differential equations and their algorithm 

structure. In the original work [11]. The approach used and described here had been referred 

to as the numerical-analytic based upon successive approximations. The idea of the method, 

originally aimed at the investigation of periodic solution only. [2,4,5,8,11,12,17].    

Definition 1[8]. Let (𝐸, ‖. ‖) be a normed space. If 𝑇 maps into itself we say that 𝑇 is a contraction 

mapping on 𝐸 if there exists 𝛼 ∈ 𝑅 with 0 < 𝛼 < 1 such that: 

‖𝑇𝑥 − 𝑇𝑦‖ ≤ 𝛼‖𝑥 − 𝑦‖         ,      (𝑥, 𝑦) ∈ 𝐸  

Lemma 1[8]. Let 𝑆 be a space of all continuous functions on [𝑎, 𝑏] , for any 𝑡 ∈ 𝑆 we defined 

‖𝑧‖ = max
𝑡∈[𝑎,𝑏]

|𝑧|. Then (𝑆, ‖. ‖) is a Banach space. 

Lemma 2[11]. Let the vector function 𝑓(𝑡, 𝑥) is defined and continuous on the interval[0, 𝑇], then 

the following inequality ‖∫ (𝑓(𝑠, 𝑥(𝑠)) −
1

𝑇
∫ 𝑓(𝑠, 𝑥(𝑠))𝑑𝑠
𝑇

0
)

𝑡

0
𝑑𝑠‖ ≤ 𝛼(𝑡)𝑀 

Is holds, where 𝛼(𝑡) = 2𝑡 (1 −
𝑡

𝑇
)  and  𝑀 = max

𝑡∈[0,𝑇]
|𝑓(𝑡, 𝑥)|. 

Definition2[8]. Let 𝑓 be a continuous function define on a domain 𝐺 = {(𝑡, 𝑥): 𝑎 ≤ 𝑡 ≤ 𝑏, 𝑐 ≤ 𝑥 ≤

𝑑}. Then 𝑓 is said to satisfy a Lipschitz condition in the variable 𝑥 on 𝐺, provided that a constant 

𝐿 > 0 exists with the property 

|𝑓(𝑡, 𝑥1) − 𝑓(𝑡, 𝑥2)| ≤ 𝐿|𝑥1 − 𝑥2| , 

for all (𝑡, 𝑥1), (𝑡, 𝑥2) ∈ 𝐺. The constant 𝐿 is called a Lipschitz constant for 𝑓 . 

Definition3[10]. Let 𝑓 be a function on a set 𝐸 ⊆ 𝑅. We say that 𝑓 is lebesgue measurable on 𝐸 

or simply measurable if, for every 𝛼 ∈ 𝑅, the set {𝑥: 𝑥 ∈ 𝐸, 𝑓(𝑥) > 𝛼} is measurable. 

 

Definition4[10]. Let 𝑓 be a Lebesgue measurable function defined on 𝐸 ⊆ 𝑅. Let 𝐿(𝐸) be the set 

of all Lebesgue measurable functions defined on 𝐸 such that: 

∫|𝑓(𝑥)|𝑑𝑥 < ∞. 

The set 𝐿(𝐸) is called the set of Lebesgue measurable functions. 

                  In [12,13] Shlapak studied the periodic solution of the differential equations which 

has the form:-  
𝑑𝑥

𝑑𝑡   
= 𝑔 (𝑡, 𝑥,

𝑑𝑥

𝑑𝑡
  ),                

and  
𝑑2𝑥

𝑑𝑡2
= 𝑔 (𝑡, 𝑥,

𝑑𝑥

𝑑𝑡
,
𝑑2𝑥

𝑑𝑡2
)     

where (𝑡, 𝑥, �̇�, �̈�) ∈  𝑅1 × [𝑎, 𝑏] × [𝑐, 𝑑] × [𝑒, 𝑓].   

        In this paper, we study the possibility of finding periodic solution of second order of 

differential equations with higher derivatives satisfied; let us consider this system of differential 

equations: - 
𝑑2𝑥

𝑑𝑡2
= 𝑓 (𝑡, 𝑥,

𝑑𝑥

𝑑𝑡
) + 𝑔 (𝑡, 𝑥,

𝑑𝑥

𝑑𝑡
,
𝑑2𝑥

𝑑𝑡2
),     (1) 

 

where 𝑥 ∈ 𝐷, 𝐷  is closed and bounded domain subset of 𝑅𝑛, 𝐷1, 𝐷2 are bounded domains 

subset of 𝑅𝑚. 

     Suppose that the vector functions 𝑓(𝑡, 𝑥, �̇� )  and 𝑓(𝑡, 𝑥, �̇�, �̈�) are defined and continuous on 

the domain: 

(𝑡, 𝑥, �̇�, �̈�) ∈  𝑅1 × 𝐷 × 𝐷1 × 𝐷2 = (−∞,∞) × 𝐷 × 𝐷1 × 𝐷2 ,                  (2)  

 

which are measurable functions and periodic in 𝑡 of period 𝑇 . 

For any fixed 𝑡 ∈ [𝑜, 𝑇] and let 𝑚:𝐷 → 𝑅𝑛 such that 𝑚 ∈ 𝐿[0, 𝑇] satisfying the following inequalities: 

‖𝑓(𝑡, 𝑥, �̇�)‖ ≤ 𝑚(𝑡), ‖𝑔(𝑡, 𝑥, �̇�, �̈�)‖ ≤ 𝑛(𝑡)                                                          (3)  

‖𝑓(𝑡, 𝑥1, �̇�1) − 𝑓(𝑡, 𝑥2, �̇�2)‖ ≤  𝑘1(𝑡)‖𝑥1 − 𝑥2‖ + 𝑘2(𝑡)‖�̇�1 − �̇�2‖                         (4) 
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‖𝑔(𝑡, 𝑥1, �̇�1, �̈�1) − 𝑔(𝑡, 𝑥2, �̇�2, �̈�2)‖ ≤  𝑙1(𝑡)‖𝑥1 − 𝑥2‖ 

+𝑙2(𝑡)‖�̇�1 − �̇�2‖ + 𝑙3(𝑡)‖�̈�1 − �̈�2‖                                                                     (5) 

for all 𝑡 ∈ 𝑅1, 𝑥, 𝑥1, 𝑥2 ∈ 𝐷, �̇�, �̇�1, �̇�2 ∈ 𝐷1, �̈�, �̈�1, �̈�2 ∈ 𝐷2, where 𝑚(𝑡), 𝑛(𝑡), 𝑘1(𝑡), 𝑘2(𝑡), 𝑙1(𝑡), 𝑙2(𝑡) and 

𝑙3(𝑡) are integrable functions in  𝑡 ∈ [0, 𝑇] and �̇� =
𝑑𝑥

𝑑𝑡
  , �̈� =  

𝑑2𝑥

𝑑𝑡2
    

     Define a non-empty sets as follows:- 

𝐷𝑓 = 𝐷 −
𝑇2

4
[𝛿1 + 𝛿2]

    𝐷1𝑓 = 𝐷1 −
5𝑇

6
[𝛿1 + 𝛿2] 

𝐷2𝑓 = 𝐷2 − 2[‖𝑚(𝑡)‖ + ‖𝑛(𝑡)‖]}
 

 

                                                                     (6)             

 and the sequence of functions {𝑥𝑚(𝑡, 𝑥0)}𝑚=0
∞ ,   defined as: 

𝑥𝑚+1(𝑡, 𝑥0) = 𝑥0 + 𝐿
2 (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0)))  , 

 𝑥 (0, 𝑥0) = 𝑥0, 𝑚 = 0,1,2, …,                                                                                                      (7) 

                                                                                                                                                                                      

 where 

�̇�𝑚+1(𝑡, 𝑥0) = �̇�0 + 𝐿 (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))) −

1

𝑇
∫ 𝐿 (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0
 ,              (8) 

    �̇� (0, 𝑥0) = �̇�0   , m= 0,1,2,…           

and 

�̈�𝑚+1(𝑡, 𝑥0) = �̈�0 + 𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0)) −
1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0
                   (9) 

with 

�̈� (0, 𝑥0) = �̈�0 , 𝑚 = 0,1,2, …. 

The operator 𝐿 is defined by the equation 𝐿𝑓(𝑡) = ∫ (𝑓(𝑠) −
1

𝑇
∫ 𝑓(𝑡)𝑑𝑡
𝑇

0
)

𝑡

0
𝑑𝑠 where  𝑓(𝑡) =

𝑓 (𝑡, 𝑥,
𝑑𝑥

𝑑𝑡
) + 𝑔 (𝑡, 𝑥,

𝑑𝑥

𝑑𝑡
,
𝑑2𝑥

𝑑𝑡2
) . 

 

2.0 THEORETICAL 

2.0. Approximate periodic solution of (1)  

     In this section, we study the approximate of periodic solution for the problem (1) by the 

following theorem: 

Theorem1. Let the vector functions 𝑓(𝑡, 𝑥, �̇� )  and 𝑔(𝑡, 𝑥, �̇�, �̈�) measurable in t for any fixed 

point 𝑥 ∈ [0, 𝑇]and bounded by Lebesgue integrable functions 𝑚(𝑡) and 𝑛(𝑡).Then there exist a 

sequence of functions (7) is periodic in t of period 𝑇, converges uniformly as 𝑚 → ∞ in the 

domain: 

(𝑡, 𝑥0 ) ∈ [0, 𝑇] × 𝐷𝑓                                                                                                                           (10)                                                                                    

 to the limit function  𝑥(𝑡, 𝑥0)  and satisfy the following integral equations: 

𝑥(𝑡, 𝑥0) = 𝑥0 + 𝐿
2 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))),                  (11)                        

 

where                                                                                                                           

�̇�(𝑡, 𝑥0) = �̇�0 + 𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) −
1

𝑇
∫ 𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) +
𝑇

0

𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) 𝑑𝑡                                  … (12)           

and  

�̈�(𝑡, 𝑥0) = �̈�0 + 𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0)) −
1

𝑇
∫ (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) +
𝑇

0

𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) 𝑑𝑡                                                                                   … (13) 

 which is a periodic solution of the problem (1) provided that: 
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‖𝑥0(𝑡, 𝑥0) − 𝑥0‖ ≤
𝑇2

4
[𝛿1 + 𝛿2]

‖𝑥0(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖ ≤ 𝑄
𝑚(𝐸 − 𝑄)−1  

𝑇2

4
[𝛿1 + 𝛿2]

}                                                   (14) 

Proof. By the relations (7),(8) ,(9) and lemma 1, we get    

(

‖𝑥1(𝑡, 𝑥0) − 𝑥0‖

‖�̇�1(𝑡, 𝑥0) − �̇�0‖

‖�̈�1(𝑡, 𝑥0) − �̈�0‖
) ≤

(

 
 

‖𝐿 (𝐿(𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0)))‖

‖𝐿(𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0)) −
1

𝑇
∫ 𝐿(𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0))𝑑𝑡
𝑇

0

‖

‖2(𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0))‖ )

 
 

 

 

Choosing ∫ 𝑚(𝑠)𝑑𝑠 ≤ 𝛿1
𝑇

0
 and  ∫ 𝑛(𝑠)𝑑𝑠 ≤ 𝛿2

 𝑇

0
,  𝛿1, 𝛿2 > 0. 

So that 

 (

‖𝑥1(𝑡, 𝑥0) − 𝑥0‖

‖�̇�1(𝑡, 𝑥0) − �̇�0‖

‖�̈�1(𝑡, 𝑥0) − �̈�0‖
) ≤

(

 
 

𝑇2

4
[𝛿1 + 𝛿2]

(
𝑇

2
+

𝑇

3
) [𝛿1 + 𝛿2]

2[‖𝑚(𝑡)‖ + ‖𝑛(𝑡)‖]
)

 
 

 

Therefore, 𝑥1(𝑡, 𝑥0) ∈ 𝐷 , �̇�1(𝑡, 𝑥0) ∈ 𝐷1 and �̈�1(𝑡, 𝑥0) ∈ 𝐷2, for all 𝑡 ∈ [0, 𝑇]. 

Then, by mathematical induction we can prove that:- 

(

‖𝑥𝑚(𝑡, 𝑥0) − 𝑥0‖

‖�̇�𝑚(𝑡, 𝑥0) − �̇�0‖

‖�̈�𝑚(𝑡, 𝑥0) − �̈�0‖
) ≤

(

 

𝑇2

4
[𝛿1 + 𝛿2]

5𝑇

6
[𝛿1 + 𝛿2]

2[‖𝑚(𝑡)‖ + ‖𝑛(𝑡)‖])

                                                                                                 (15)                                                                

    

i. e. 𝑥𝑚(𝑡, 𝑥0) ∈ 𝐷 , �̇�𝑚(𝑡, 𝑥0) ∈ 𝐷1 and �̈�𝑚(𝑡, 𝑥0) ∈ 𝐷2 when  𝑥0 ∈ 𝐷𝑓 , �̇�0 ∈ 𝐷1𝑓 and �̈�0 ∈ 𝐷2𝑓 .   

      Next, we prove that the sequence of function (7) convergent uniformly on the domain (2). 

When  𝑚 = 1 , we get 

       (

‖𝑥2(𝑡, 𝑥0) − 𝑥1(𝑡, 𝑥0)‖

‖�̇�2(𝑡, 𝑥0) − �̇�1(𝑡, 𝑥0)‖

‖�̈�2(𝑡, 𝑥0) − �̈�1(𝑡, 𝑥0)‖
) =  

 

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

‖

‖𝑥0 +∫ 𝐿(

𝑓(𝑠, 𝑥1(𝑠, 𝑥0), �̇�1(𝑠, 𝑥0)) + 𝑔(𝑠, 𝑥1(𝑠, 𝑥0), �̇�1(𝑠, 𝑥0), �̈�1(𝑠, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0), �̈�1(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0

)
𝑡

0

𝑑𝑠

−𝑥0 −∫ 𝐿 (𝑓(𝑠, 𝑥0, �̇�0) + 𝑔(𝑠, 𝑥0, �̇�0, �̈�0) −
1

𝑇
∫ (𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0))𝑑𝑡
𝑇

0

)
𝑡

0

𝑑𝑠
‖

‖

‖

‖�̇�0 + 𝐿(

𝑓(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0), �̈�1(𝑡, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0), �̈�1(𝑡, 𝑥0)))
𝑇

0

𝑑𝑡
)

−�̇�0 − 𝐿 (𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0) −
1

𝑇
∫ (𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0))𝑑𝑡
𝑇

0

)
‖

‖

‖

‖

�̈�0 + 𝑓(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0), �̈�1(𝑡, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥1(𝑡, 𝑥0), �̇�1(𝑡, 𝑥0), �̈�1(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0

−�̈�0 − 𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0) −
1

𝑇
∫ (𝑓(𝑡, 𝑥0, �̇�0) + 𝑔(𝑡, 𝑥0, �̇�0, �̈�0))𝑑𝑡
𝑇

0

‖

‖

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

here ∫ 𝐾1(𝑠)𝑑𝑠 ≤ 𝜇1
𝑇

0
, ∫ 𝐾2(𝑠)𝑑𝑠 ≤ 𝜇2

𝑇

0
, ∫ 𝐿1(𝑠)𝑑𝑠 ≤ 𝜎1

𝑇

0
, ∫ 𝐿2(𝑠)𝑑𝑠 ≤ 𝜎2

𝑇

0
, ∫ 𝐿 3(𝑠)𝑑𝑠 ≤ 𝜎3 

𝑇

0
and 

𝜇1, 𝜇2, 𝜎1, 𝜎2, 𝜎3, 𝐾1, 𝐾2, 𝐿1, 𝐿2, 𝐿3 > 0. 
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(

‖𝑥2(𝑡, 𝑥0) − 𝑥1(𝑡, 𝑥0)‖

‖�̇�2(𝑡, 𝑥0) − �̇�1(𝑡, 𝑥0)‖

‖�̈�2(𝑡, 𝑥0) − �̈�1(𝑡, 𝑥0)‖
) ≤   

(

  
 

𝑇2

4
((𝜇1 + 𝜎1)‖𝑥1(𝑡, 𝑥0) − 𝑥0‖ + (𝜇2 + 𝜎2)‖�̇�1(𝑡, 𝑥0) − �̇�0‖ + 𝜎3‖�̈�1(𝑡, 𝑥0) − �̈�0‖)

(𝛼(𝑡) +
𝑇

3
) ((𝜇1 + 𝜎1)‖𝑥1(𝑡, 𝑥0) − 𝑥0‖ + (𝜇2 + 𝜎2)‖�̇�1(𝑡, 𝑥0) − �̇�0‖ + 𝜎3‖�̈�1(𝑡, 𝑥0) − �̈�0‖)

2((𝜇1 + 𝜎1)‖𝑥1(𝑡, 𝑥0) − 𝑥0‖ + (𝜇2 + 𝜎2)‖�̇�1(𝑡, 𝑥0) − �̇�0‖ + 𝜎3‖�̈�1(𝑡, 𝑥0) − �̈�0‖) )

  
 

 

Therefore  

(

‖𝑥𝑚+1(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖

‖�̇�𝑚+1(𝑡, 𝑥0) − �̇�𝑚(𝑡, 𝑥0)‖

‖�̈�𝑚+1(𝑡, 𝑥0) − �̈�𝑚(𝑡, 𝑥0)‖
) =  

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

‖

‖𝑥0 +∫ 𝐿(

𝑓(𝑠, 𝑥𝑚(𝑠, 𝑥0), �̇�𝑚(𝑠, 𝑥0)) + 𝑔(𝑠, 𝑥𝑚(𝑠, 𝑥0), �̇�𝑚(𝑠, 𝑥0), �̈�𝑚(𝑠, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))𝑑𝑡)
𝑇

0

)
𝑡

0

𝑑𝑠 − 𝑥0 −

∫ 𝐿(

𝑓(𝑠, 𝑥𝑚−1(𝑠, 𝑥0), �̇�𝑚−1(𝑠, 𝑥0)) + 𝑔(𝑠, 𝑥𝑚−1(𝑠, 𝑥0), �̇�𝑚−1(𝑠, 𝑥0), �̈�𝑚−1(𝑠, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0), �̈�𝑚−1(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0

)
𝑡

0

𝑑𝑠 ‖

‖

‖

‖ �̇�0 + 𝐿(

𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0

) −

�̇�0 − 𝐿(

𝑓(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0), �̈�𝑚−1(𝑡, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0), �̈�𝑚−1(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0

)‖

‖

‖

‖

�̈�0 + 𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))𝑑𝑡)
𝑇

0

−

�̈�0 − 𝑓(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0), �̈�𝑚−1(𝑡, 𝑥0)) −

1

𝑇
∫ (𝑓(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚−1(𝑡, 𝑥0), �̇�𝑚−1(𝑡, 𝑥0), �̈�𝑚−1(𝑡, 𝑥0))) 𝑑𝑡
𝑇

0

‖

‖

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

(

‖𝑥𝑚+1(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖

‖�̇�𝑚+1(𝑡, 𝑥0) − �̇�𝑚(𝑡, 𝑥0)‖

‖�̈�𝑚+1(𝑡, 𝑥0) − �̈�𝑚(𝑡, 𝑥0)‖
) ≤ 

(

 
 
 
 

𝛼(𝑡)
𝑇

2
(
(𝜇1 + 𝜎1)‖𝑥𝑚(𝑡, 𝑥0) − 𝑥𝑚−1(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2)‖�̇�𝑚(𝑡, 𝑥0) − �̇�𝑚−1(𝑡, 𝑥0)‖

+𝜎3‖�̈�𝑚(𝑡, 𝑥0) − �̈�𝑚−1(𝑡, 𝑥0)‖
)

(𝛼(𝑡) +
𝑇

3
) (
(𝜇1 + 𝜎1)‖𝑥𝑚(𝑡, 𝑥0) − 𝑥𝑚−1(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2)‖�̇�𝑚(𝑡, 𝑥0) − �̇�𝑚−1(𝑡, 𝑥0)‖

+𝜎3‖�̈�𝑚(𝑡, 𝑥0) − �̈�𝑚−1(𝑡, 𝑥0)‖
)

2 (
((𝜇1 + 𝜎1))‖𝑥𝑚(𝑡, 𝑥0) − 𝑥𝑚−1(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2)‖�̇�𝑚(𝑡, 𝑥0) − �̇�𝑚−1(𝑡, 𝑥0)‖

+𝜎3‖�̈�𝑚(𝑡, 𝑥0) − �̈�𝑚−1(𝑡, 𝑥0)‖
)

)

 
 
 
 

  

 

Hence 

(

‖𝑥𝑚+1(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖

‖�̇�𝑚+1(𝑡, 𝑥0) − �̇�𝑚(𝑡, 𝑥0)‖

‖�̈�𝑚+1(𝑡, 𝑥0) − �̈�𝑚(𝑡, 𝑥0)‖
) ≤

(

 

𝛼(𝑡)
𝑇

2
(𝜇1 + 𝜎1)                 𝛼(𝑡)

𝑇

2
 (𝜇2 + 𝜎2)                     𝛼(𝑡)

𝑇

2
𝜎3

(𝛼(𝑡) +
𝑇

3
) (𝜇1 + 𝜎1)               (𝛼(𝑡) +

𝑇

3
) (𝜇2 + 𝜎2)              (𝛼(𝑡) +

𝑇

3
)𝜎3

2(𝜇1 + 𝜎1)                                 2(𝜇2 + 𝜎2)                                  2𝜎3 )

 (

‖𝑥𝑚(𝑡, 𝑥0) − 𝑥𝑚−1(𝑡, 𝑥0)‖

‖�̇�𝑚(𝑡, 𝑥0) − �̇�𝑚−1(𝑡, 𝑥0)‖

‖�̈�𝑚(𝑡, 𝑥0) − �̈�𝑚−1(𝑡, 𝑥0)‖
)          
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                                                                                                                                   (16)                                                           

Rewrite inequality (16) by the following form: 

                         𝑧𝑚+1(𝑡) ≤ 𝑄(𝑡)𝑧𝑚
0                                                                                (17)                           

where 

𝑧𝑚+1(𝑡) = (

‖𝑥𝑚+1(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖

‖�̇�𝑚+1(𝑡, 𝑥0) − �̇�𝑚(𝑡, 𝑥0)‖

‖�̈�𝑚+1(𝑡, 𝑥0) − �̈�𝑚(𝑡, 𝑥0)‖
)  

 

𝑄(𝑡) =

(

 
 

𝛼(𝑡)
𝑇

2
(𝜇1 + 𝜎1)                 𝛼(𝑡)

𝑇

2
 (𝜇2 + 𝜎2)                     𝛼(𝑡)

𝑇

2
𝜎3

(𝛼(𝑡) +
𝑇

3
) (𝜇1 + 𝜎1)               (𝛼(𝑡) +

𝑇

3
) (𝜇2 + 𝜎2)              (𝛼(𝑡) +

𝑇

3
) 𝜎3

2(𝜇1 + 𝜎1)                                 2(𝜇2 + 𝜎2)                                  2𝜎3 )

 
 

 

 

𝑧𝑚
0 = (

‖𝑥𝑚(𝑡, 𝑥0) − 𝑥𝑚−1(𝑡, 𝑥0)‖

‖�̇�𝑚(𝑡, 𝑥0) − �̇�𝑚−1(𝑡, 𝑥0)‖

‖�̈�𝑚(𝑡, 𝑥0) − �̈�𝑚−1(𝑡, 𝑥0)‖
)  

𝑧1
0 ≤

(

 

𝑇2

4
[𝛿1 + 𝛿2]

5𝑇

6
[𝛿1 + 𝛿2]

2[‖𝑚(𝑡)‖ + ‖𝑛(𝑡)‖])

   

 

Taking the max. of two sides of the inequality (17, we find that 

𝑧𝑚+1
0 ≤ 𝑄0 𝑧𝑚

0                                                                                                                  (18) 

Where 

 

𝑄0 =

(

 

𝑇2

4
(𝜇1 + 𝜎1)               

𝑇2

4
 (𝜇2 + 𝜎2)               

𝑇2

4
𝜎3

5𝑇

6
(𝜇1 + 𝜎1)                

5𝑇

6
(𝜇2 + 𝜎2)                

5𝑇

6
𝜎3

2(𝜇1 + 𝜎1)                                 2(𝜇2 + 𝜎2)             2𝜎3           )

                                             (19)     

                 By iterating inequality (18) we have  

𝑧𝑚+1
0 ≤ 𝑄0

𝑚  𝑧1
0                                                                                                                (20) 

which leads to the estimate 

∑ 𝑧𝑖
0𝑚

𝑖=1 ≤ ∑ 𝑄0
𝑖−1 𝑧1

0𝑚
𝑖=1                                                                                                     (21) 

Since the matrix 𝑄0has eigenvalues 𝜆1 = 0and 𝜆2 =
𝑇2

4
(𝜇1 + 𝜎1) +

5𝑇

6
(𝜇2 + 𝜎2) + 2𝜎3 < 1 , the series 

(21) is uniformly convergent, that is 

        lim
𝑚→∞

∑ 𝑄0
𝑖−1𝑚

𝑖=1 = ∑ 𝑄0
𝑖−1∞

𝑖=1 𝑧1
0 = (𝐸 − 𝑄0)

−1𝑧1
0                                                   (22) 

The limiting relation (22) signifies a uniform convergence of the sequence (7), 𝑖. 𝑒 

lim
𝑚→∞

𝑥𝑚(𝑡, 𝑥0) = 𝑥
0(𝑡, 𝑥0)                                                                                                           (23) 

where 

lim
𝑚→∞

�̇�𝑚(𝑡, 𝑥0) = �̇�
0(𝑡, 𝑥0)                                                                           

and 

lim
𝑚→∞

�̈�𝑚(𝑡, 𝑥0) = �̈�
0(𝑡, 𝑥0) 

By inequality (17), the estimate  

(

‖𝑥0(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖

‖�̇�0(𝑡, 𝑥0) − �̇�𝑚(𝑡, 𝑥0)‖

‖�̈�0(𝑡, 𝑥0) − �̈�𝑚(𝑡, 𝑥0)‖

) ≤ 𝑄0
𝑚(𝐸 − 𝑄0)

−1𝑧1
0 ,                                                            (24) 

for all m≥ 0. 

     Using relation (23) and proceeding in equation (7) to the limit 𝑚 → ∞ , convince us that the 

function 𝑥0(𝑡, 𝑥0) is the periodic solution of (1). 
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4.0 RESULANTS  

3.0.  Existence of a periodic solution of (1) 

    The problem of the existence of a periodic solution of a period 𝑇 of equation (1) is uniquely 

connected with that of the existence of zeros of the function Δ(𝑡, 𝑥0) which has the form: 

Δ(0, 𝑥0) =
1

𝑇
∫ [𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))]𝑑𝑡
𝑇

0
                   (25)                        

 Since the function Δ(0, 𝑥0) is found only approximately, from the sequence of functions 

Δm(0, 𝑥0) =
1

𝑇
∫ [𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))]𝑑𝑡
𝑇

0
    

                                                                                                                                                                 (26) 

    where 𝑚 = 0,1,2, … 

                                                                                        

Theorem2. Under the hypothesis and conditions of theorem1, the following inequality: 

‖Δ(𝑡, 𝑥0) − Δ𝑚(𝑡, 𝑥0)‖ ≤ 𝑑𝑚  

is hold for all  𝑚 ≥ 0 , 

where 

𝑑𝑚 = ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) ,𝑄0
𝑚(𝐸 − 𝑄0)

−1𝑧1
0⟩.                                                                             (27)            

Proof. Assuming 

‖Δ(0, 𝑥0) − Δ𝑚(0, 𝑥0)‖ = ‖
1

𝑇
∫ [𝑓(𝑡, 𝑥0(𝑡, 𝑥0), �̇�

0(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥
0(𝑡, 𝑥0), �̇�

0(𝑡, 𝑥0), �̈�
0(𝑡, 𝑥0))]𝑑𝑡 −

𝑇

0

1

𝑇
∫ [𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))]𝑑𝑡
𝑇

0
‖    

So 

‖Δ(0, 𝑥0) − Δ𝑚(0, 𝑥0)‖ ≤ (𝜇1 + 𝜎1)‖𝑥
0(𝑡, 𝑥0) − 𝑥𝑚(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2 )‖�̇�

0(𝑡, 𝑥0) − �̇�𝑚(𝑡, 𝑥0)‖ +

𝜎3‖�̈�
0(𝑡, 𝑥0) − �̈�𝑚(𝑡, 𝑥0)‖  

Hence 

‖Δ(0, 𝑥0) − Δ𝑚(0, 𝑥0)‖ ≤ ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) , 𝑄0
𝑚(𝐸 − 𝑄0)

−1 𝑧1
0⟩ = 𝑑𝑚                            

for all  𝑚 ≥ 0 . 

 

Remark1 [11]. When  𝑅𝑛=𝑅1, i.e. when 𝑥 is a scalar the following theorem can be strengthens 

by giving up the requirement that the singular point shout be isolated, thus we have: 

Theorem3. Let the problem (1)  be defined on an interval 𝑎 ≤ 𝑥 ≤ 𝑏 of a straight line 𝑅1. Assume 

that for a real 𝑡 and an integer  𝑚 ≥ 1,  the function (26) satisfies the inequalities  

min
𝑎+

𝑇2

4
[𝛿1+𝛿2]≤𝑥≤𝑏−

𝑇2

4
[𝛿1+𝛿2]

Δm (𝑥) ≤ −𝑑𝑚

max
𝑎+

𝑇2

4
[𝛿1+𝛿2]≤𝑥≤𝑏−

𝑇2

4
[𝛿1+𝛿2]

Δm (𝑥) ≥ 𝑑𝑚
}                                                                           (28) 

    

where 𝑑𝑚 = ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) , 𝑄0
𝑚(𝐸 − 𝑄0)

−1𝑧1
0⟩. Then the problem (1) has periodic solution 𝑥 = 𝑥(𝑡, 𝑥0) 

for which 𝑎 +
𝑇2

4
[𝛿1 + 𝛿2] ≤ 𝑥 ≤ 𝑏 −

𝑇2

4
[𝛿1 + 𝛿2]. 

Proof. Let 𝑥1 and 𝑥2 be points of the interval [𝑎 +
𝑇2

4
[𝛿1 + 𝛿2] ≤ 𝑥 ≤ 𝑏 −

𝑇2

4
[𝛿1 + 𝛿2]] such that 

Δm(𝑥1) = min Δm (𝑥) , Δm(𝑥2) = maxΔm (𝑥) 

𝑥 ∈ (𝑎 +
𝑇2

4
[𝛿1 + 𝛿2], 𝑏 −

𝑇2

4
[𝛿1 + 𝛿2]) 

From the inequalities (27) and (28), we have 

Δ(𝑥1) = Δ𝑚(𝑥1) + (Δ(𝑥1) − Δ𝑚(𝑥1)) ≤ 0

Δ(𝑥2) = Δ𝑚(𝑥2) + (Δ(𝑥2) − Δ𝑚(𝑥2)) ≥ 0
}                                                                 (29) 
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It follows from (29) in virtue of the continuity of the Δ-constant that there exist a point 𝑥0, 𝑥0 ∈

[𝑥1, 𝑥2] such that Δ(𝑥0) = 0. This means that the system (1) has a periodic solution 𝑥 = 𝑥(𝑡, 𝑥0). 

Theorem4. Let a system (1) be given in the domain 𝐷. Suppose that 𝐷1 is a set belonging  𝐷𝑓 

.then, for 𝐷1 to have a point at which the Δ-constant is zero, it is necessary that, for some 𝑡, all 

integral m’s , and any 𝑥1 ∈ 𝐷1, the following integrality hold true: 

‖∆𝑚(𝑡, 𝑥)‖ ≤ (𝛿1 + 𝛿2) + ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) , 𝑄0
𝑚(𝐸 − 𝑄0)

−1𝑧1
0⟩ 

for all  𝑚 ≥ 0 . 

Proof. Let the Δ-constant  at the point 𝑥 ∈ 𝐷1 be zero 

Since, 

‖Δm(0, x1)‖ = ‖Δm(0, x1) − Δ(0, x1) + Δ(0, x1)‖ 

Then 

‖Δm(0, x1)‖ ≤ ‖Δ(0, x1)‖ + ‖Δm(0, x1) − Δ(0, x1)‖ 

and hence 

‖Δm(0, x1)‖ ≤ ‖Δ(0, x1)‖ + ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) , 𝑄0
𝑚(𝐸 − 𝑄0)

−1 𝑧1
0⟩ 

But 

‖Δm(0, x1)‖ ≤ ‖
1

𝑇
∫ [𝑓(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥𝑚(𝑡, 𝑥0), �̇�𝑚(𝑡, 𝑥0), �̈�𝑚(𝑡, 𝑥0))]𝑑𝑡
𝑇

0

‖

+ ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) , 𝑄0
𝑚(𝐸 − 𝑄0)

−1𝑧1
0⟩ 

Therefore 

‖Δm(t, x1)‖ ≤ (𝛿1 + 𝛿2) + ⟨(

𝜇1 + 𝜎1 
𝜇2 + 𝜎2
𝜎3

) , 𝑄0
𝑚(𝐸 − 𝑄0)

−1 𝑧1
0⟩. 

for all  𝑚 ≥ 0 . 

 

4.0 RESULANTS  

4.0. Another Method 

         In this section, we also proving the existence and uniqueness theorem for (1) by using 

Banach fixed point theorem. 

Theorem5. Let the vector functions 𝑓(𝑡, 𝑥, �̇� )  and 𝑔(𝑡, 𝑥, �̇�, �̈�) be defined, measurable on the 

domain (2) and satisfy the assumptions and conditions of theorem1.Then the problem (1) has 

a unique periodic solution on the domain (2). 

Proof. Let (𝐶[0, 𝑇], ‖. ‖) Be a Banach space and 𝑇∗ be a mapping on 𝐶[0, 𝑇] as follows: 

𝑇∗𝑥(𝑡, 𝑥0) = 𝑥0 + 𝐿
2 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0)))                                                      

where 

𝑇∗�̇�(𝑡, 𝑥0) = �̇�0 + 𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) −

1

𝑇
∫ 𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0)))
𝑇

0
𝑑𝑡                                                         and  

𝑇∗�̈�(𝑡, 𝑥0) = �̈�0 + 𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0)) −
1

𝑇
 ∫ (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) +

𝑇

0

𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) 𝑑𝑡 

       

Since ∫ (𝐿 (𝑓(𝑠, 𝑥(𝑠, 𝑥0), �̇�(𝑠, 𝑥0)) + 𝑔(𝑠, 𝑥(𝑠, 𝑥0), �̇�(𝑠, 𝑥0), �̈�(𝑠, 𝑥0))) −
1

𝑇
∫ 𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) +
𝑇

0

𝑡

0

𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) 𝑑𝑡) 𝑑𝑠 is continuous on the domain (2). 

And also 
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𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) −
1

𝑇
∫ 𝐿 (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) +
𝑇

0

𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0))) 𝑑𝑡  , 𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0)) −
1

𝑇
 

∫ (𝑓(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0)) + 𝑔(𝑡, 𝑥(𝑡, 𝑥0), �̇�(𝑡, 𝑥0), �̈�(𝑡, 𝑥0)))
𝑇

0
𝑑𝑡 are continuous on the same domain (2). 

Therefore: 𝑇∗: 𝐶[0, 𝑇] ⟶ 𝐶[0, 𝑇] 

Now, we shall to prove that  𝑇∗ is a contraction mapping on  [0, 𝑇] . 

Let 𝑥(𝑡, 𝑥0), 𝑧(𝑡, 𝑥0) be a vector functions on  [0, 𝑇] , then  

‖𝑇∗𝑥(𝑡, 𝑥0) − 𝑇
∗𝑧(𝑡, 𝑥0)‖ = max

𝑡∈[0,𝑇]
{|𝑇∗𝑥(𝑡, 𝑥0) − 𝑇

∗𝑧(𝑡, 𝑥0)|} 

and 

    

‖𝑇∗�̇�(𝑡, 𝑥0) − 𝑇
∗�̇�(𝑡, 𝑥0)‖ = max

𝑡∈[0,𝑇]
{|𝑇∗�̇�(𝑡, 𝑥0) − 𝑇

∗�̇�(𝑡, 𝑥0)|} 

  and also  

    

‖𝑇∗�̈�(𝑡, 𝑥0) − 𝑇
∗�̈�(𝑡, 𝑥0)‖ = max

𝑡∈[0,𝑇]
{|𝑇∗�̈�(𝑡, 𝑥0) − 𝑇

∗�̈�(𝑡, 𝑥0)|} 

 So 

(

‖𝑇∗𝑥(𝑡, 𝑥0) − 𝑇
∗𝑧(𝑡, 𝑥0)‖

‖𝑇∗�̇�(𝑡, 𝑥0) − 𝑇
∗�̇�(𝑡, 𝑥0)‖

‖𝑇∗�̈�(𝑡, 𝑥0) − 𝑇
∗�̈�(𝑡, 𝑥0)‖

)

≤

(

 
 

𝛼(𝑡)
𝑇

2
((𝜇1 + 𝜎1)‖𝑥(𝑡, 𝑥0) − 𝑧(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2)‖�̇�(𝑡, 𝑥0) − �̇�(𝑡, 𝑥0)‖ + 𝜎3‖�̈�(𝑡, 𝑥0) − �̈�(𝑡, 𝑥0)‖)

(𝛼(𝑡) +
𝑇

3
) ((𝜇1 + 𝜎1)‖𝑥(𝑡, 𝑥0) − 𝑧(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2)‖�̇�(𝑡, 𝑥0) − �̇�(𝑡, 𝑥0)‖ + 𝜎3‖�̈�(𝑡, 𝑥0) − �̈�(𝑡, 𝑥0)‖)

2((𝜇1 + 𝜎1)‖𝑥(𝑡, 𝑥0) − 𝑧(𝑡, 𝑥0)‖ + (𝜇2 + 𝜎2)‖�̇�(𝑡, 𝑥0) − �̇�(𝑡, 𝑥0)‖ + 𝜎3‖�̈�(𝑡, 𝑥0) − �̈�(𝑡, 𝑥0)‖) )

 
 

 

  

(

‖𝑇∗𝑥(𝑡, 𝑥0) − 𝑇
∗𝑧(𝑡, 𝑥0)‖

‖𝑇∗�̇�(𝑡, 𝑥0) − 𝑇
∗�̇�(𝑡, 𝑥0)‖

‖𝑇∗�̈�(𝑡, 𝑥0) − 𝑇
∗�̈�(𝑡, 𝑥0)‖

)

≤

(

 
 

𝛼(𝑡)
𝑇

2
(𝜇1 + 𝜎1)                   𝛼(𝑡)

𝑇

2
 (𝜇2 + 𝜎2)                       𝛼(𝑡)

𝑇

2
𝜎3

(𝛼(𝑡) +
𝑇

3
) (𝜇1 + 𝜎1)               (𝛼(𝑡) +

𝑇

3
) (𝜇2 + 𝜎2)              (𝛼(𝑡) +

𝑇

3
) 𝜎3

2(𝜇1 + 𝜎1)                                 2(𝜇2 + 𝜎2)                                    2𝜎3 )

 
 
(

‖𝑥(𝑡, 𝑥0) − 𝑧(𝑡, 𝑥0)‖

‖�̇�(𝑡, 𝑥0) − �̇�(𝑡, 𝑥0)‖

‖�̈�(𝑡, 𝑥0) − �̈�(𝑡, 𝑥0)‖
) 

By the condition  𝜆𝑚𝑎𝑥Λ < 1 , then 𝑇∗ is a contraction mapping on 𝐶[0, 𝑇]. 

Thus, by Banach fixed point theorem then there exists a fixed point  𝑥(𝑡, 𝑥0) in 𝐶[0, 𝑇] such that 

𝑇∗𝑥(𝑡, 𝑥0) = 𝑥(𝑡, 𝑥0) 

Therefore the integral equation (11) is a unique solution of (1). 

 

5.0 CONCLUSION 

        This paper provided the existence and approximation of the periodic solutions for 

nonlinear system of a second order of differential equations with higher derivatives. Theorems 

on existence and uniqueness of periodic solution are established under some necessary and 

sufficient conditions on closed and bounded domains (compact spaces).  The numerical-

analytic method has been used to study the periodic solutions of ordinary differential equations 

which were introduced by Samoilenko.    
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