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1.0 INTRODUCTION

Differential equations are essential for a mathematical description of nature, many of the
general laws of nature-in physics, chemistry, biology, economics and engineering —find their
most natural expression in the language of differential equation. Differential Equation (DE)
allows us to study all kinds of evolutionary processes with the properties of determinacy; finite-
dimensionality and differentiability. The study of DE began very soon after the invention of
differential and integral calculus. In 1671, Newton had laid the foundation stone for the study
of differential equations. He was followed by Leibnitz who coined the name differential
equation in 1676 to denote relationship between differentials dx and dy of two variables x and
y. The fundamental law of motion in mechanics, known as Newton's second law is a differential
equation to describe the state of a system. Motion of a particle of mass m moving along a
straight line under the influence of a specified external force
f(t,x,x") is described by the following DE

2

mx' = f(t,x,x), (x’ = Z—:,x” = ZTJZC)

At early stage, mathematicians were mostly engaged in formulating differential equations and
solving them but they did not worry about the existence and uniqueness of solutions. [1,6,7,
13,14]. One of the most important theorems in ordinary differential equations is Picard’s
existence, unigueness and stability theorem for first and second order of differential equations.
A reason for this, can generalized to establish existence and uniqueness result for higher-order
of differential equations and for a system of differential equations. Another is that, it is a good

infroduction to the broad class of existence, uniqueness and stability theorems that are based
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on fixed points. [3,5,9,10,15,18]. In recent years, Samoilenko assume that the numerical analytic
method to study the periodic solution for ordinary differential equations and their algorithm
structure. In the original work [11]. The approach used and described here had been referred
to as the numerical-analytic based upon successive approximations. The idea of the method,
originally cimed at the investigation of periodic solution only. [2,4,5,8,11,12,17].

Definition 1[8]. Let (E, ||. ) be a normed space. If T maps into itself we say that T is a contraction
mapping on E if there exists @ € R with 0 < @ < 1 such that:

ITx =Tyl <alx—yll . @yEE

Lemma 1[8]. Let S be a space of all continuous functions on [a,b] , for any t € S we defined
llz]| = trer%%]lzl. Then (S, ||. 1) is a Banach space.

Lemma 2[11]. Let the vector function f(t, x) is defined and continuous on the interval[0, T], then
the following inequality || f; (£(s,x(s)) = 2 f; £(s, x(s))ds) ds|| < a(®)M

t
Is holds, where a(t) = 2¢(1-%) and M = max If ().

Definition2[8]. Let f be a continuous function define on a domain ¢ = {(t,x):a <t <b,c <x <
d}. Then f is said to satisfy a Lipschitz condition in the variable x on G, provided that a constant
L > 0 exists with the property

lf (&, x1) — f(&,x2)| < Llxy — x5,

for all (t,x,), (t,x;) € G. The constant L is called a Lipschitz constant for f

Definition3[10]. Let f be a function on a sef E € R. We say that f is lebesgue measurable on E
or simply measurable if, for every a € R, the set {x:x € E, f(x) > a} is measurable.

Definition4[10]. Let f be a Lebesgue measurable function defined on E € R. Let L(E) be the set
of all Lebesgue measurable functions defined on E such that:

[rr@iax <o

The set L(E) is called the set of Lebesgue measurable functions.
In [12,13] Shlapak studied the periodic solution of the differential equations which
has the form:-

dx (txdx)
a9\ % )

and
2 2
w =9 (v G w)
where (t,x,%,%) € R* X [a,b] X [c,d] X [e, f].
In this paper, we study the possibility of finding periodic solution of second order of
differential equations with higher derivatives satisfied; let us consider this system of differential
equations: -

d?x ( dx dx d?x
(%) 4 g (65,22, 52),
dt? ft " dt tgl\b Pdt’ dt?

(1)
where x € D, D is closed and bounded domain subset of R™, D;,D, are bounded domains
subset of R™.

Suppose that the vector functions f(t,x,x) and f(t, x, x,X) are defined and confinuous on
the domain:
(t,x,%,%) € R XD x D; X D, = (—00,00) X D X D; X D, , )

which are measurable functions and periodic in t of period T .

Forany fixed t € [o,T] and let m: D — R™ such that m € L[0, T] satisfying the following inequalities:
If (& x, 0l < m(®), llg (¢, x, %, )| < n(t) 3)

If (&, %1, %1) = F(& %2, )|l < ky (D)l — 22 + k2 (O)||%; — Xl )
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lg (€, x1, %1, %) — g€, x2, %3, XDl < L (O)llxy — x|l

+ (O%, — %2l + L(O11%; — Xl (5)

forallt € RY, x,x,,x, €D, X,%,,%, € Dy, %, %,,%, € D,, where m(t),n(t), k,(t), k,(t), ,(t),,(t) and
dx . dx

I;(t) are integrable functionsin t € [0,T] and x = — =

Define a non-empty sets as follows:-
Dy=D-"[85, 48] )
Dif =Dy — %T [61 + 82] f (6)
Dy =D, = 2[Ilm(OIl + lIn(O)II]
and the sequence of functions {x,,(t, xo)}m=o. defined as:
T (6,%0) = %o + L2 (F (& X (6, %0), n (8, %0)) + G (& X (£, %0), T (£, %0), o (£, %))

x(0,x5) = x9,m =0,1,2, ..., (7)

where

Xm+1(6,%0) = %o + L (f(t, X (t, %0), %m (£, %0)) + G(&, X (E, X0, %o (&, X0, ¥ (£, xo))) -

%IOT L (f(t' xm (t' xo), xm(t' xo)) + g(t: xm(t' xo)» J.Cm(t' xo): Xm(tt xo))) dt ) (8)
X(O,XO):J'CO ,m=0,],2,...

and

¥me1(t,x0) = %o + F(t, Xm (t, X0), X (£, %0)) + g (&, X (£, X0), X (£, X0), X (£, %0)) —

~Js (f (& %0 (, X0), i (£, X0)) + G (E, X (t, X, X (£, %), Eiy (&, xo))) dt )

with

%(0,%0) = %,,m=0,12, ...
The operator L is defined by the equation Lf(t) = fot (f(s)—%fOTf(t)dt) ds where f(t) =

dx dx d?x
foxg)+a (o @)

2.0 THEORETICAL
2.0. Approximate periodic solution of (1)

In this section, we study the approximate of periodic solution for the problem (1) by the
following theorem:
Theoreml. Let the vector functions f(t,x,x) and g(t, x,x,X) measurable in t for any fixed
point x € [0, T]land bounded by Lebesgue integrable functions m(t) and n(t).Then there exist a
sequence of functions (7) is periodic in t of period T, converges uniformly as m - o in the
domain:

(t,xo) € [0,T] X Df (10)

to the limit function x(t,x,) and satisfy the following integral equations:

x(t,%0) = xo + L2 (£t x (8, %0), (8, %0)) + gt x(¢, %), 5(t, %), & (t, %0))), (11)

where

2t %0) = o + L (F(6,x(t,x0), %(8,%0)) + 9 (&, 2(t, %0, %(t, %0, %(6,%0)) ) = 7 f L (f(t,x(t, x0), (t, x0)) +
9t x(t, %0), X(t, %0), £(t, Xp)) ) dt - (12)

and

#(t,%0) = o + F(£,2(6,x0), %(6, X)) + 9 (&, X(t, %0, %(t,x0), %(8, %)) — = J (2t x0), (8, x5)) +

gt x(t, %0), X(t, %0), £(t, Xp)) ) dt . (13)

which is a periodic solution of the problem (1) provided that:
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(6, x0) — xoll < 2 (8, + 8] }
(14)

2
1x°(t, %) = Xm (&, %)l < Q™(E = Q)™F T [8; + 8,]
Proof. By the relations (7).(8) .(?) and lemma 1, we get

|

[ (£, x0)
|1 (£, x0)

— x|
— %ol

1% (2, x0) — %ol

I

|2 (L(f & x0,20) + 98,0, 20, %0)) )

1 T
HL(f(t: X, Xo) + g(t, X0, Xo, 55'0)) - TJ. L(f(t’ Xg, %o) + g(t, X0, %o, 5('0))dt
0

12(F (&, x0, %0) + g(t, %0, %0, %)) ||

|
)

Choosing fOTm(s)ds < 6, and fOTn(s)ds <68, 6,6, >0.

So that

2
=[5, + 6]

G+

g) [61 + 2]

ll2x1 (£, x0) — Xl
I, (2, x0) — %ol | <

= Xl

||, (t, xo)

2[llm@Il + lIn(1]

Therefore, x,(t,x,) € D, x,(t,x,) € D; and ¥, (t,x,) € D,, forall t € [0,T].
Then, by mathematical induction we can prove that:-
2
1 (£, %0) = ol T, +65]
sl
X (E,x9) — X
o 2[[lm @Il + lIn(I]

(15)

i. €. xp(t,x0) €D, Xy (t,x0) € D; AN %y, (t, %) € D, When x, € Dy, %o € Dy ONd ¥, € Dy
Next, we prove that the sequence of function (7) convergent uniformly on the domain (2).

When m =1, we get
[l2x2 (£, x0) — x1 (£, )|
Il (£, x0) — %1 (&, %)l | =
1%, (£, x0) — %1 (&, %)l

f(s x1 (5, %0), %1 (s, xo)) +g(5 x1(8, %), X1 (5, X0), ¥4 (s, xo)) -

t
L1
o +J;) < f (f(t x1 (L, %), %1 (¢, xo)) + g(t X1 (8, x0), X1 (£, x0), %1 (¢, xo)) dt)

T

—xo— f (ﬂs%ma+g@xm%ma j(ﬂt%ma+gaxm%mawﬁd
0

x0+L<1
T

—_ L (f(t, xO, XO) + g(t, xo, 5(0, 5(0) - ?J (f(t, xo, X'O) + g(t, xo, J‘C’o, Xo))dt)
0
%o + f(t, X1 (t, XO), X1 (t, XO)) + g(t, X1 (t, xo); X1 (¢, xo); X1 (¢, xo)) -

1 T
Tf (f(f, x; (t, %0), %1 (8, %)) + g (£, %1 (£, %), %, (¢, %0), %4 (¢, xo))) dt
0

(t, X1 (t' xO): xl (t: xO)) + g(t' X1 (t: xo); xl (tr xo)' xl (tr xO)) -

f (f(t x1(t, %0), %1 (¢, xo)) + g(t x1(t, %0, %1 (t, %), X1 (¢, xo)) dt)

1 T
—Xo — f(t,x0, %) + g(t, x0, %o, Xp) — ?J- (f(t: Xo, Xo) + g(t, xo,xo,jﬁo))dt
0

here fOT K, (s)ds < u,, fOT K,(s)ds < u,, fUTLl(s)ds <oy, fOT L,(s)ds < o,

U1y U, 01, 03,03, K1, K5, Ly, Ly, Ly > 0.

S

fOTL3(s)ds < g; and
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1%, (t, x0) — %1 (t, x|

”xz(t"XO) - x1(t,xo)||
122 (t, x0) — %1 (&, x0)| | <
TZ
( T((m + o)l x0) — xoll + (uz + 7)) %1 (8, x0) — %ol + a3|%, (£, x0) — 550”) \‘

T
(€@ +3) (G + 0106 20) = x0ll + (o + 02 s (630 = Foll + 0515 2, %) = Sl
\ 2((#1 + o)l x0) — xoll + (uz + 7)) 1%, (8, x0) — Xol| + 03 |%, (£, x0) — 550”)
Therefore
(1241 (&, X0) — X (€, X0) |
”xm+1(t' xo) - JZ'm(t' xO)” =
%41 (¢, X0) — X (8, x0) |
¢ (5 Xm (s, %0), %m (5, %)) + (5, % (5, %0), Xm (5, %0), i (5, %0)) —
f Lyt (" . . ., ds — x,
0 Tf (f(t' xm(tv xO): xm(tv xO)) + g(t' xm(tx xO): xm(tl xO)x xm(t! xO))dt)
0
t f(s, Xm-1(8,%0), Xm—1 (s, xo)) + 9(5: Xm-1(8, X0), Xm-1(S, X0), X1 (s, xo)) -
[tlap | . ) ds
o \5 f (F(& Xt (6 X0 o2 (6 200) + 96 2 (6 %), By (6 X0), o (£ %00)) lt

f(t' Xm (t' xo)» J.Cm (t' xo)) + g(t' xm(t' xo)' J.Cm (t' xo)' xm (t: xo)) -
Xo+ L _

1 T
Tf (f(t' Xm (t: xo)» Ja'm (t: xo)) + g(t' Xm (t' xo)' J&m (t' xo)' Xm (t, xo))) dt
0

f(t' Xm-1(t, %0), X1 (¢, xo)) + g(t, Xm-1(t, X0), X1 (L, X0), X1 (¢, xo)) -

Xo—L|1 (T
_f (f(t' Xm-1(t,%0), X1 (¢, xo)) + gt X1 (&, X0), Xin_1 (£, %), X1 (L, xo))) dt
T Jy

jC‘O + f(t' xm(t' xO)' xm(tl xO)) + g(t, xm(t' xO)' xm(t' xO)' jém(t' xO)) -
1" : : ,
? j(.] (f(t' xm (t, xO)' xm (t, xO)) + g(t, xm(t' xO)' xm (t' xO)' xm (t' xO))dt) -
jC‘O - f(t' xm—l(t' xO)' xm—l(tl xO)) + g(t, xm—l(t' xO)' xm—l(t' xO)' jém—l(t' xO)) -

1 T
7| (6t (00 a6 500) + 90460, s (630D s 200 )
0

1241 (£, X0) — X (£, x|
%41 (E x0) — X (8, )| | <

%41 (E, x0) — X (E, x0) I

a(t) T ((#1 + o) |lxm (8, %0) — X1 (&, X0) I + (2 + o) 1% (¢, X0) — Fn—1 (¢, xo)”)
2 +03|Xp, (t, x0) — X1 (t, x|
T\ (U1 + o) % (€, X0) — X1 (&, XD || + (u2 + ) 1% (€, X0) — X1 (€, X0) ||
(a@+3)( ol x0) — Era (62 ")
2 (((#1 + 01))||xm(t, X0) = Xm—1(t, x) || + (uz + ) 1% (¢, x0) — X1 (&, xo)”)
+03 || %, (£, x0) — Epp—1 (&, x|

Hence

1241 (€, X0) — X (, x0) I
1541 (£, x0) — Xy (E, x| | <

1841 (£, x0) — X (£, x|

( a(t): (u + o) a(t)s (uy + 02) a(t) o, o (6, 20) — X1 (6, 20) |
(a(t) + Z) (uy +0y) (a(t) + Z) (uy + o) (a(t) + Z) o (”).'c‘m(t, X)) — ):C.m—l(t; xo)”>
2(.“3; + 01) 2([123+ a;) 20, ’ (1% (£, x0) — Eppeq (8, X)) |
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(16)
Rewrite inequality (16) by the following form:
Zm+1 (1) < Q(O)zp, 17)
where

”xm+1(t' xo) - xm(t' xO)”
Zm41 () = | X1 (€ x0) — Xy (&, x0) |l
1841 (£, x0) — Eyp (£, x0)

T T T
( @z +a) a7 m+o) a(t) 05
o= (

c®+3)to)  (a®+3)0nto)  (a®+3)o
2(uy +0y) 2(py + 03) 203 /

”xm(t' xo) - xm—l(t' xO)”
Zron = | 1% (€, x0) — Xm—1(t, x|
1%, (8, x0) — X1 (&, x0)l
16, + 6]
2| T 44,
2[lm@@Il + [Im(Ol]

Taking the max. of two sides of the inequality (17, we find that

Zmir < Qo Zih (18)
Where
2 2 2
%(#1 + 01) TT (uy + 03) %03

Q = 5%(.“1 +0y) S?T(.Uz + 03) 56_TO'3 (19)

2(py + 01) 2(uy + 03) 203
By iterating inequality (18) we have
Zmi1 < Q5" 27 (20)
which leads to the estimate
izt Zi0 < Xizq 6_1 Z? (21)

2
Since the matrix Q,has eigenvalues 1, = 0and A, = Tj(lh +0)+ % (up + 0;) + 205 < 1, the series
(21) is uniformly convergent, that is

lim 372, (i)_l =221 3_1 70 = (E — Qo) "z} (22)
m-—oo
The limiting relation (22) signifies a uniform convergence of the sequence (7),i.e
lim x,,,(t, xo) = x°(t, x,) (23)
m-—-oo
where

lim x,,,(t, xo) = x°(t, x,)
m-oo

and
lim %, (t, x,) = %°(t, x,)
m-oo

By inequality (17), the estimate

[1x°(t, x0) — % (t, x0)
1%°(t, x0) = % (£, )| | < QT (E — Qo)™ "27 , (24)
[1X°(t, x0) — X (£, %)l

for all m= 0.

Using relation (23) and proceeding in equation (7) to the limit m — oo, convince us that the
function x°(t, x,) is the periodic solution of (1).
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4.0 RESULANTS
3.0. Existence of a periodic solution of (1)

The problem of the existence of a periodic solution of a period T of equation (1) is uniquely
connected with that of the existence of zeros of the function A(t, x,) which has the form:

A0, x0) = = f [ (&, x(t, x0), 2(t, x%0)) + g (& 2t x%0), % (¢, x0), E(t, X%0))] dt (25)
Since the function A(0, x,) is found only approximately, from the sequence of functions
Am(Ov xo) = %fo’r[f(tr xm(t' xO)v J.Cm(t' xo)) + g(tv xm(t' xo)v J.Cm(t: xo): J.C'm(t! xo))]dt

(26)

where m =0,1,2, ...

Theorem2. Under the hypothesis and conditions of theorem1, the following inequality:
IACE, x0) — A (E, x0) Il < diy

isholdforall m>0,

where

Uy + 0y
dm = (Hz + 02>,QS"(E - Qo)_lzf>- (27)
03

Proof. Assuming

140, x0) = A (0, x0) I = ||$f0T[f(t,x°(t, x0), X°(t, %0)) + g (£, x° (£, x0), %°(t, %o), ¥°(t, X)) ]dt —

2 Iy T (6 2m (6, 0D, (8 %6)) + Gt Xon (8 X0, o (£, X0), o (8, 0)) it |

So

10, %0) = A (0, xp) 1| < (i3 + GO, %0) = X (&, Xo)I| + (112 + 0 )1, %) = o (2, 20) 1| +
a3lli°(t, Xo) = i (t, o)

Hence

Uy + 0oy
140, ) — A (0, x|l < (| H2 + 02 |, QT (E — Qo)™ 20 ) = dpp

03

forall m=>0.

Remarkl [11]. When R"=R!,i.e. when x is a scalar the following theorem can be strengthens
by giving up the requirement that the singular point shout be isolated, thus we have:
Theorema3. Let the problem (1) be defined on aninterval a < x < b of a straight line R. Assume
that for areal t and an infeger m > 1, the function (26) safisfies the inequalities

) min Ay (x) < —dp,
a+TT[61+62]sxsb—TT[81+62] (28)
max Ay (x) =dy,

T2 T2
a+T[61+52]sxsb—T[61+62]

where d,,, = . Then the problem (1) has periodic solution x = x(t, x,)

M+ oy
Uz + 02 |, Q0 (E — Qo)_lzf

O3

for which a +Z-[8, +8,] < x < b —""[6, + 5,].
Proof. Let x, and x, be points of the interval [a + - [8, + 6,] < x < b —""[8, + 8,]] such that
Am(x1) = min Ay, (x), Ay (x2) = max Ay, (x)

T? T?

From the inequalities (27) and (28), we have
A(xy) = A (x) + (A(xl) - Am(xl)) < 0}

AQ) = D (x2) + (B(x,) — A (x2)) = 0 (29
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It follows from (29) in virtue of the continuity of the A-constant that there exist a point x% x° €
[x1, x,] such that A(x®) = 0. This means that the system (1) has a periodic solution x = x(t, x,).
Theoremd. Let a system (1) be given in the domain D. Suppose that D; is a set belonging D
then, for D; to have a point af which the A-constant is zero, it is necessary that, for some t, all
integral m’s , and any x, € D,, the following integrality hold true:

Uy t+ oy

(ﬂz + 02>,Q<')"(E - Qo)_12{]>

03

18 (8,0 < (81 + 62) +

forall m=0.

Proof. Let the A-constant at the point x € D, be zero
Since,

18m (0, x )1l = 141, (0,%1) — A0, X,) + A0, x|

Then

18m (0, x) I < A0, x )1l + 14 (0,%1) — A0, %)l

and hence
Uy + oy
1A (0, x )l < A0, x ) + (| #2 + 02 |, Q' (E — Qo)™ 2

03

But

1 T
”Am(o! XI)” < Tf [f(tv xm(tixo):xm(t' xO)) + g(t:xm(tr xO): xm(tl XO),J'C.'m(t, xO))]dt

0
Uy + 0y
+ (| 42+ 02 |, QF(E — Qo)_lzf>
03

Therefore

Uy + 0y
lAm (tx )l < (6, + 85) + (:“2 + GZ):Q(T(E - Q)" Z?>-

03

forall m=>0.

4.0 RESULANTS
4.0. Another Method

In this section, we also proving the existence and uniqueness theorem for (1) by using
Banach fixed point theorem.
Theorem5. Let the vector functions f(t,x,x) and g(t,x, x, %) be defined, measurable on the
domain (2) and satisfy the assumptions and conditions of theorem1.Then the problem (1) has
a unique periodic solution on the domain (2).
Proof. Let (C[0,T],]l.]) Be a Banach space and T* be a mapping on €C[0,T] as follows:

T*x(t,%0) = xo + L2 (£ (£, x(t,x0), %(t, X)) + g (&, X(t, x0), X(t, X0), £(¢, X)) )

where
T*5(t,%0) = %o + L (f(t,x(t, x0), 2t %0)) + gt x(t, %), x(t, %), (t, %)) ) —
2oL (f(t,x(t,xo),x(t, x0)) + g(t, x(t,x0), %(t, o), £(t, xo))) dt and

T*%(t, x0) = %o + f(t, x(£,%0), %(t, x0)) + g(t, x(t, %), % (£, X0), %(t, x0)) _% foT (f(t,x(t, %0 5 (6, %)) +
g(t, x(t, xp), %(t, xo), (¢, xo))) dt

Since fot (L (f(s,x(s, x0), X(5,%0)) + g (s, x(s, x0), (s, %), X (s, xo))) - %fOTL (f(t,x(t, x0), %(t,x0)) +
g(t, x(t, x), x(t, x0), % (¢, xo))) dt) ds is continuous on the domain (2).
And also
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L (f(t,x(t, xo), X (t, xo)) + g(t, x(t, x0), x(t, x0), X (¢, xo))) - %fOTL (f(t,x(t, Xo), % (¢, xo)) +

g(t, x(t, x0), X(t, x0), X(¢, xo))) dt , f(t: x(t, xo), x(t, xo)) + g(t, x(t, x), X(t, x0), X(t, %0)) — %
fOT (f(t, x(t,x0), (£, %0)) + g(t, x (£, x0), X(t, x,), % (¢, xo))) dt are continuous on the same domain (2).
Therefore: T*: C[0,T] — C[0,T]

Now, we shall to prove that T* is a contraction mapping on [0,T] .

Let x(t, x,), z(t, xo) be a vector functions on [0,T] ., then
IT"2x(t, x0) — T*z(t, )| = tg%g;]{lT*x(t. x0) — T"z(t,x0)1}

and

IT"x(t, x0) = T*z(t, o)l = tg%g;(]{lT*fC(t. x0) — T7Z(¢, x0) |}

and also

IT*%(t, x0) — T*Z(t, x0) || = tgg>T<]{IT*5é(t. xo) — T"Z(t, x0) [}
So

IT"x(t, xo) — T"z(t, o)l

IT*x(t, x0) — T*Z(t, xo)||

IT*%(t, xo) — T*Z(t, xo) |l

T
a(®) 5 ((ua + o)l (t, x0) — 2t x0) | + (2 + 01X (L, x0) — 2(t, x0) || + 0311%(¢, x0) — (¢, x0)1)

T
() +3) (G + 00llx(30) = 2101 + (a + 0 CE%0) = 26, 2 + 031150, 30) — 2630
2((uy + a)llx(t, xo) — z(t, xp) || + (2 + )% (t, x0) — Z(t, x0) || + 0311X(, x0) — Z(2, x0)|)

“T*x(t, XO) - T*Z(t! xO)”
”T*x(t, xO) - T*Z(tl xO)”
IT*%(t, x0) — T*Z(t, o) |

T T r
a(t) 5 (uy + 01) a(®) 7 (2 +02) “(t) 70 I1x(¢, o) = 2(t, xo)
T T ! ' 7
(@0+3)w+o)  (c@+3) o) («®+3)0 (”ig e igg”)
2(4y + 09) 2(pz +03) 20

By the condition A,,,,A <1, then T*is a contraction mapping on C[0,T].

Thus, by Banach fixed point theorem then there exists a fixed point x(t, x,) in C[0,T] such that
T x(t, xo) = x(t, x0)

Therefore the integral equation (11) is a unique solution of (1).

5.0 CONCLUSION

This paper provided the existence and approximation of the periodic solutions for
nonlinear system of a second order of differential equations with higher derivatives. Theorems
on existence and unigueness of periodic solution are established under some necessary and
sufficient conditions on closed and bounded domains (compact spaces). The numerical-
analytic method has been used to study the periodic solutions of ordinary differential equations
which were introduced by Samoilenko.
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